
Appendix A

First Principles

The graph below shows how a function f(x) might change between x = a and x = b.

8  Differentiation 

 

1.3  The rate of change of a function 

The velocity of a car descibes how distance changes with time. The population growth rate 

describes how a population changes with time. How can we describe the way a general function 

f (x) changes with x ? 

 

 

 

 

 

 

 

 

 

 

The average rate of change of the function f (x)  in the interval from a  to b  is 

!f

!x
=
f (b) " f (a)

b " a
. 

# This can be interpreted as the slope of the chord between a, f (a)( )  and b, f (b)( ) . 

The average rate of change across an interval is an approximation to the rate of change of a 

function at a point (instantaneous rate of change).
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As the width of the interval (a, b)decreases, the approximation  

!f

!x
=
f (b) " f (a)

b " a
 

approaches the instantaneous rate of change of f (x) at the point x = a . 

# This can be interpreted as the slope of the tangent line to the graph of f (x)  at x = a . 

Problems 1.3 

1. Sketch the graph of y = x2 for 0 ! x ! 4  and draw on it chords from P(1, 1)  to each of the 

points 
 
Q(2, 4) , R(3, 9)  and 

 
S(4, 16) . 

2. What is the average rate of change of x
2

 between 

i.  x =  1 and  x =  4  

ii.  x =  1 and  x =  3  

iii.  x =  1 and  x =  2  

3. By considering the average rate of change, estimate instantaneous rate of change of x
2

 at 
x = 1  to within 0.1.

                                                
6
 The word instantaneous is used describe to the rate of change of f (x)with respect to x even though the variable x 

may not be a time variable. 
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The gradient of the chord from (a, f(a)) to (b, f(b) is

∆y

∆x
=

change in y

change in x
=

f(b)− f(a)

b− a
.

As the width of the interval [a, b] decreases, the approximation

∆y

∆x
=

f(b)− f(a)

b− a
.

becomes closer to the gradient of the tangent line to the graph of f(x) at x = a, and
so to the derivative of f(x) at x = a.

If we put b = a + h, then the derivative of f(x) at x = a is given by the limit

dy

dx
= lim

∆x→0

∆y

∆x
= lim

h→0

f(a + h)− f(a)

(a + h)− a
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Definition

The derivative of y = f(x) at the point (a, f(a)) is given by the limit

dy

dx
= lim

h→0

f(a + h)− f(a)

h

Example

first
principles

at x = a

Find the derivative of y = x2 at x = a using first principles

1. From the definition . . .

dy

dx
= lim

h→0

(a + h)2 − a2

h

2. Expanding, then simplifying and taking the limit . . .

dy

dx
= lim

h→0

(a2 + 2ah + h2)− a2

h

= lim
h→0

2ah + h2

h
= lim

h→0
2a + h

= 2a

The derivative at x = a is
dy

dx
= 2a

Example

first
principles

without
using
x = a

Differentiate y = x2 + 4x + 2 using first principles

1. From the definition . . .

dy

dx
= lim

h→0

[(x + h)2 + 4(x + h) + 2]− [x2 + 4x + 2]

h

2. Expanding, then simplifying and taking the limit . . .

dy

dx
= lim

h→0

[x2 + (2h + 4)x + (h2 + 4h + 2)]− [x2 + 4x + 2]

h

= lim
h→0

2hx + (h2 + 4h)

h
= lim

h→0
2x + h + 4

= 2x + 4

The derivative is
dy

dx
= 2x + 4
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Example

cubic
function

Differentiate y = x3 using first principles

1. From the definition . . .

dy

dx
= lim

h→0

(x + h)3 − x3

h

2. Expanding, then simplifying and taking the limit . . .

dy

dx
= lim

h→0

(x3 + 3x2h + 3xh2 + h3)− x3

h

= lim
h→0

3x2h + 3xh2 + h3

h
= lim

h→0
3x2 + 3xh + h2

= 3x2

The derivative is
dy

dx
= 3x2

Example

rational
function

Differentiate f(x) =
x + 1

x + 2
using first principles

1. From the definition . . .

f ′(x) = lim
h→0

(x + h) + 1

(x + h) + 2
− x + 1

x + 2

h

2. Expanding, then simplifying and taking the limit . . .

f ′(x) = lim
h→0

(x + h + 1)(x + 2)− (x + 1)(x + h + 2)

(x + h + 2)(x + 2)h

= lim
h→0

1

(x + h + 2)(x + 2)

=
1

(x + 2)(x + 2)

=
1

(x + 2)2

The derivative is f ′(x) =
1

(x + 2)2
.


